
 

VII Stability

f and f in TM N are equivalent

if 7 r l e DilfIM DifflN S t

f l.f.or

l.fecam.euis SI if there is a

mbh Ufc M N St each ge Uf is

equivalent to f

the orbit of f under the action

9 Dif DifffN CTM.eu TM N

r l f n b for
is open

Problem Difficult to check need invariants such
as rank corank self intersections transversality



1 Def iletfecTM.eu
ve CTM.TN is a Vector field along f

if µ
TN

u f
YT ii e F f

CIIM.TN Lvect fields along ff
2 f is infinitesimally stable if for all

ve CIM.TN there exist vector fields

s on M t on N such that

df.si tof

TM d
TN

sei F IIM N

Note cjcM.TN CT f TN
vector fields along f are just hcx.ws faa TNcwI

sections of the pullback bundle N
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Let ve Cfc R.TK
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THY fix xd
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df.si tot

E L Ein
v k six trete Vxc.IR

Taylor exp sit exist only if h 2

exercise revisit g S IR x r sink

2 tn Mather

If M compact for f proper then stability is

equivalent to int stability



MI p t if there were an implicit fanthüfer
Feichet manifolds

Def A trespe is a topological vector

space with

I it is Hausdorff
2 its topology is induced by a countable family
of semi norms

3 its Complete wet 2

In every Banach space

for M compact TM.IR
CHE where rectbundle

I M.TN
with the Whitney ca topology

Fächet spaces are the most general setting
where diff ability smoothness manifolds can be

defined in a familiar way



Det A trennt is a top space
that is modeled on a Freiheit space

7 Freiheit spaces
Main examples M compact CRM N

Dian

Now consider for f M N smooth M compact

Jf Difflm xD N CM N

r l T 1 fort

imho orbit of f under the action g

So f stable if gg is a submersion

submersion are open by and exec I 4

In fact already enough if gg is asubmersionate lidn.edu af Lemma I 9

Consider dj DifflMHD.HN sTfC9M.N



Profi I Tf 9MW FCM.TN

2 FilmDiffus C TM

Proof I see 688

2 Tian Dich Cid M.TN

gMIMI Ilg f x

TTM
µ

This means dg Xf Pf where

Lf TM CICM.TN
Pf CTTN CICM.TN

are given by s s df s

t t Bf t tof

Thus f infinitesimally stable gf submersion if
for all v E Cfc M.TN there exist

SE CTTM te CMTN such that



Xf s t ßf t

df s t tof v

mdma

Important examples for M compact

3.17cg Every submersion f M N is info stable

PI
q TM FCM.TN

is onto because
S df s

f submersion dfa onto for all c M

kerdffo.ms a subbundle of TM
and there exists a subbundle H of TM

sit Htokerdt TM

Then dfu Hx IN is an iso which

means for every ve Cöln.TN there is
SEH sit dfes

Du



4.4 fc CTM.IR is stable iff

f is Morse with all critical values distinct

PI
since f is stable there is Ufc ECM.IR

with all geug equivalent to f
Exercise II 3 Morse fetus with distinct critical
values are dense in M R

So f is equivalent to such a function I
J red c DiltIM DifflN E 1 for

But then f must also have distinct

critical values

see GEG
Da

So for Morse fetus we have stable generic

but in general this is not true

However as for Morse fetus stable maps



exhibit only generic types of singularities
non degeneracy of cnet.pt Whitney's thin etc

5 Rop fc.EmbCM.lu f stable If n 2mA

then the converse also holds

Proof
int f CN is a submfd.gr N and

f M imlf is a diffeom so VECFCM.TN
can be identified with a vector field

Ton im ff Extend it smoothly to a

vector field t on N

Then tof Tof Setting 5 0

we get that f is inf stable hence stable

by Thun 2

f stable 3 Ufc CM N where each

map is equivalent to f



Thun E 121Whitney's emb than There is an

embedding in Uf equivalent to f hence f
is an embedding Da

Here we really need immersions to be infective
ie embeddings if M compact for instance

f S IR ÖH not stable

ff and are both not equivalent

tot self intersections

f S R2 Os f not stable consider

transversality erthen
self intersections

Crossingpoint in
the image

appropriate notion immersions with normal crossings


